Retract irreducibility of connected monounary algebras. II by Jakubíková-Studenovská, Danica
Czechoslovak Mathematical Journal
Danica Jakubíková-Studenovská
Retract irreducibility of connected monounary algebras. II
Czechoslovak Mathematical Journal, Vol. 47 (1997), No. 1, 113–126
Persistent URL: http://dml.cz/dmlcz/127343
Terms of use:
© Institute of Mathematics AS CR, 1997
Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.
This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz
Czechoslovak Mathematical Journal, 47 (122) 1997, Praha 
RETRACT IRREDUCIBILITY OF CONNECTED 
MONOUNARY ALGEBRAS II 
DANICA JAKUBÍKOVÁ-STUDENOVSKÁ, Košice 
(Received October 10, 1994) 
This paper is a continuation of [1]; for references, definitions and notation cf. [1]. 
The following result was proved in [1]: 
(R) Let &/ = (A, f) be a connected monounary algebra possessing a one element 
cycle {c}. Then the following conditions are equivalent: 
(i) srf is retract irreducible; 
(ii) if a and b are elements of A such that f(a) = f(b), then either a = b or 
c € {a,b}. 
Let (N, / ) be a monounary algebra such that f(n) = n + 1 for each n G N. In the 
present paper we prove 
(Rl) Let &/ = (.4, / ) be a connected monounary algebra which has no one-element 
cycle. Then the following conditions are equivalent: 
(i) srf is retract irreducible; 
(ii) either sz/ = (N, / ) or there are n G N and a prime p such that &/ is a cycle 
with pn elements. 
In the whole paper suppose that (A, / ) is a connected monounary algebra and 
that f(x) ^ x for each x € A (i.e., (A, f) has no one-element cycle). 
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1. (A,f) POSSESSING A CYCLE C 
1.1. P r o p o s i t i o n . Let p be a prime, n G N. Suppose that (A, f) is a monounary 
algebra consisting of one cycle, card A = pn. Then (A. f) is retract irreducible. 
P r o o f . Assume that ( A / ) G R( H(Ai,f)) and that (A{,f) is a connected 
iei 
monounary algebra for each i G I. Then (A, f) is isomorphic to a subalgebra of 
Y\ (Ai, f) and there exists x G [ j Ai such that 
iei iei 
fv" (x) = x, i.e., f
v" (x(i)) = x(i) for each i G / , 
fk(x) ^ x for each k G N, k < pn. 
This implies that if i G / , then x(i) belongs to a cycle having ra; elements, where 
mi/pn. Suppose that ??i; < pn for each i G I. Then 
in = l .c.m.{mi . i G I} < / / ' 
and we have 
fn(x(i)) = :r(i) for each i G / , i.e., fm(x) = re, 
which is a contradiction. Therefore there is i G I such that mi = p n . Let M be the 
cycle of (Ai, f). Then 
(1) ( M , / ) - ( A , / ) ; 
(2) if y G f~l(M), then there is 2 G M with f(y) = / ( z ) 
and Sf(y) ^ 00 = s/(~). 
By [1], 1.3, (A,f) G R(Ai,f), thus ( A , / ) is retract irreducible. • 
In 1.2-1.9 suppose that (A, f) is a connected monounary algebra containing a cycle 
C with 1 < c a r d C < card A. 
1.2. C o n s t r u c t i o n . Let card(7 = n, C = {Oi , a n } , f(ci\) — ^2, 
f(an) = a\. Denote I = {1,2,... ,11} and put 
Ai = {x G A: (3k G N)(/ fc(;r) = ai,fk~l(x) £ C)} for i G / . 
If i G J, consider a new element a\ $_ A such that O- 7̂  a'- for each i, j G I, i 7- j . For 
i G J define 
<?(*) = 
H{ = {O / . }uA; , 
/ ( , -) i f { .T , / ( .T )}CA ? , 
O/ if x = Oj or x G A,-, /(re) = Oi, 
Ho = C, 
<y(.r) = f(x) for each rr G C 
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Further let 
(B,g)= ft (Bug). 
ieiu{o} 
1.3. Lemma. If i e IU{0}, then (A, f) $ R(B{,g). 
P r o o f . Since (A, f) is not a cycle and (B0,g) is a cycle, (A, f) cannot be 
isomorphic to a subalgebra of (B0,g), thus we obtain that (A, f) £ R(B0,g). Let 
i e I. The algebra (Bi,g) is connected and it contains a one-element cycle, the 
algebra (A, f) contains a cycle with more than one element, hence (A, f) £ R(Bi,g). 
• 
1.4. Notation. If i e I and t e A{, then there is a unique k(t) G N such that 
fkW(t) = a{, f
k{t)~l(t) $ C. Further let m(t) G I be such that 
m(t) = i — k(t) (mod n). 
Let us define the following sets for i e I: 
T0 = {x e B: x(j) = a'j for each j e I}, 
T{ = {x e B: x(j) = a'j for each j el - {i},x(i) G A{, 
x(0) = am{x{i))}, 
T= [j Ti. 
ieiu{o} 
Notice that T{ n T-. = 0 for each i,j G I U {0}, i ^ j . If x G T0, then x(0) G B0 = 
CCA. If i G I and x G Ti, then x(i) G A7; C A. 
Define a mapping v: T -> A as follows: if a; G T̂  for some i G I U {0}, then 
v(x) = x(i). 
1.5. Lemma. The mapping v is bijective. 
P r o o f . Let x,y eT, v(x) = v(ij) = d G A. Then either d G C or d G A{ for 
some i e I. If c/ G C', then d £ A{ for each i G I, thus {x, g} C T0 and we get 
x(0) = v(x)=v(y) = y(0), 
x(i) = a[ = y(i) for each i G I. 
Let d G A; for some i G I. Then {x,y} C T;, which implies 
x(i) = v(x) = v(y) = y(i), 
x(j) = a'j = y(j) for each j G I - {i}, 
x(0) = am(a.(i)) = am(3/(0)
 = y(®)-
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Therefore the mapping v is injective. 
Let z G C. There is x G T0 with x(0) = z and x(i) = a\ for each i G I. Then 
v(x) = z. Next let i G I and z G At. There exists ;r G T; with x(j) = a'- for each 
j G I — {i}, x(i) = z, x(0) = Om(2). Then v(x) = z, thus v is a surjective mapping. 
D 
1.6. Lemma. (T, g) is a monounary algebra and v is an isomorphism of (T,g) 
onto (A,f). 
P r o o f . According to 1.5 it suffices to show that v is a homomorphism. Let 
x G T0. Put y = g(x). Then 
y(i) = (g(x))(i) = g(x(i)) = g(a'i) = a'{ for each i G I, 
v(x)=x(0), v(y) = y(0), 
thus we obtain 
(1) v(g(x)) = v(y) = y(0) = (g(x))(0) = g(x(0)) = f(x(0)) = f(v(x)). 
Now let i G I, x G T{, y = g(x). If k(x(i)) = 1, then y(i) = g(x(i)) = a'{, y G T0, 
which implies 
(2) v(g(x)) = u(y) = y(0) = (g(x))(0) = 
= 9(x(0)) = f(x(0)) = f(amMi))). 
Since m(x(i)) + \ = i (mod 7i), we have f(am^x^f) = «;, therefore (2) yields 
(3) v(g(x)) =ai = f(x(i)) = f(u(x)). 
Let A:(x(i)) > 1. Then k(y(i)) = k(x(i)) - 1 and 
y(0) = (g(x))(0) = g(x(0)) = f(x(0)) = aj, 
where 
j = m(x(i)) -f 1 = i — k(x(i)) + 1 == i — k(y(i)) (mod n), 
thus g G Ti and we get 
(4) u(g(x)) = t/(y) = y(i) = (flO))(i) = ff(x(i)) = g(v(x)) = f(u(x)). 
The relations (1), (3) and (4) yield that v is a homomorphism, therefore v is an 
isomorphism of (T,g) onto (A / ) . D 
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1.7. Lemma. Let K be a connected component of (B,g) with K fl T = 0. 
(a) If K contains a cycle with m elements, then n/m. 
(b) If K contains no cycle and x is a fixed element of K, then there is y G T such 
that sg(g
k(x)) ^ sg(g
k(ij)) for each k G N U {0}. 
P r o o f , (a) If K contains a cycle with m elements and z is an element of this 
cycle, then we have 
9m(z(0)) = (gm(z))(Q) = z(0). 
Since z(0) G C, this yields that n divides m. 
(b) Let K contain no cycle and let x G K. Take y G Fo with y(0) = a\. Then y 
belongs to a cycle, sg(y) = oo and 
sg(g
k(x)) <C oo = sg(g
k(y)) for each fc G N U {0}. 
D 
1.8. Lemma. If y G g~l(T), then there exists z G T with #(H) = #(z) and 
P r o o f . By 1.6, v: (T, g) -> (̂ 4, / ) is an isomorphism, thus (T, #) is a connected 
monounary algebra with a cycle To. Let y G a - 1 (T) , g(y) = t. If t G To, then there 
is z G T0 with f(z) = t and we have 
(i) g(y) = 9(z), s9(y) < oo = s^z) . 
Suppose that t e Ti, i € I. Consider z e Ti such that z(j) = â  for j G I — {i}, 
z(i) = g(i), 2(0) = am ( y ( 0 ) . We have 
(9(y))(j) = *tf) = a'j = g(a'j) = g(z(j)) = (g(z))(j) for j G I - {i}, 
te(y))(0=p(y(0) = ^ ( 0 ) = (^) ) (0 , 
(g(g))(0) = l(0)=am(,(7:)). 
By 1.4, m(*(i)) = i - fc(*(i)) = i - k((g(y))(i)) = i - k(f(y(i))) = i - [k(y(i)) - 1] = 
= ™(y(i)) + 1 (mod n), thus am(4(0) = g(arn(2/(0)) and we get 
(g(y))(o) = o(am ( y ( 0 )) = g(z(0)) = ((/(*))(0). 
Hence 
(2) g(y) = g(z). 
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By the definition of z we have 
sg(zU)) — °° f° r e a c n 3 ^ ^ u {0} ~~ {2}> 
55(z(i)) =5^(g ( i ) ) , 
and these relations imply 
(3) sg(z)^Sg(y). 
According to (l)-(3), the assertion is valid. D 
1.9. Corollary. T is a retract of (B,g). 
P r o o f . This a consequence of 1.7, 1.8 and of 1.3, [1]. D 
1.10. Proposition. If (A,f) is a connected monounary algebra containing a 
cycle C with 1 < cardC < card A, then (A, f) is retract reducible. 
P r o o f . The assertion follows from 1.3, 1.6 and 1.9. D 
1.11. Proposition. Suppose that (A, f) is a connected monounary algebra 
containing a cycle of cardinality which is not a power of a prime. Then (A, f) is 
retract reducible. 
P r o o f . Let C be a cycle of (A,f). Then n = cardC > 1 and there are 
p, q £ N - {1} with n = p • q, g.c.d.(p,q) = 1. If C 7- A, then (A, f) is retract 
reducible by 1.10. Assume that C = A. Take monounary algebras (B,f), (D,f), 
which form a p-element cycle or a (/-element cycle, respectively. It is obvious that 
(A,f) £ R(B,f)L)R(D,f). Further, (B,f) x (D,f) is a cycle with n elements, i.e., 
it is isomorphic to (A,f). Thus 
(AJ)eR((BJ)x(D,f)) 
and (A, f) is retract reducible. D 
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2. (A,f) POSSESSING NO CYCLE AND WITH a e A, sf(a) = oo 
In tliis section suppose that (A, f) is a connected monounary algebra possessing 
no cycle and such that there is a G A with Sf (a) = oo. Then there are distinct 
elements a* G A for i G Z such that /(a*) = di+i for each i G Z. 
2.0. Notation. Let n G N . If i G Z, then there exists a unique j G {0, . . . ,n —1} 
such that i = j (mod n). Denote 
in = {k e I: k = i (mod n)} 
and let 
Zn = { 0 n , l n , . . . , ( ? i - l ) f l } . 
Then in G Zn for each i G Z. For elements of Zn the operation + is taken modulo n. 
2.1. Construction. Let C = {Oj. i G Z}. If z G Z, then we put 
-4* = {x e A-C: f(x) =ai}, 
Di = {yeA: (3x G A{)(3n G N U {0})(f
n(y) = *)}• 
Consider a set P = {pi: i G Z} of distinct primes. For i G Z let (lPi,g) be a cyclic 
monounary algebra, where 




The definition of (B,g) implies that no connected component of (B,g) contains a 
cycle. 
2.2. Lemma. If i G Z, then (A, f) £ R(Bug). 
P r o o f . Since (Bi,g) is connected and contains a cycle ZPi. and (A, f) contains 
no cycle, the assertion is obvious. • 
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BІ = 1P, U Ą , 
Г f(x) if x Є DІ - AІ, 
\ip; i f x Є A ž , 
(B,g) = l[(Bi,g). 
2.3. Notation. Let 
T0 = {be B: (3ke 2)(b(i) = kPi for each i e Z)}, 
Ti = {6 e B: (3i e l)(3n e N)(b(j) = (i - n)p. 
for each j e 1 - {*}, /n"1(6( i)) e A{)}, 
T = T 0UTi. 
Define a mapping v: T -> A as follows. If 6 e T0, fc G Z, 6(i) = fcPi for each i G Z, 
then we put i/(6) = ak. If 6 G Tx, i G Z, n G N, 6(j) = (i - n) for each j e l - {i}, 
fn~l(b(i)) e A{, then we put */(6) = 6(f). 
2.4. Lemma. The mapping v is bijective. 
P r o o f . If b,t e T, u(6) = v(t), then either {6,l} C T0 or {6,*} C Tx, since 
^(T0) C C, v(Tx) C A-C. In the first case obviously 6 = t. If {b,t} C Tx, then 
there are i,i' G Z, n ,n ' G N with 
b(j) = (i - n) . for each j e 2 - {i}, 
t(j) = (i' - n ' )p . for each j G Z - {i'}, 
fn-x(6(i))G^, / n ' - 1 ( , ( i , ) ) G ^ . 
We have b(i) = v(b) = v(t) = t(i), thus i = i', n = n'. Then b(j) = £(j) for each 
j e 1 and 6 = t. 
Now let ^ G .4. If x G C, then x = ak for some fc G Z. Put 6(i) = fcp. for each 
i G Z. Then 6 G T0 and x = v(b). If x G -4 - C, then there is i G Z with x e D{, thus 
there is n G N such that /n _ 1(:v) G .4;. We can take an element 6 G Ti satisfying 
the relation b(j) = (i — n) for each j el — {i}, b(i) = x, and we obtain v(b) = x. 
Hence the mapping v is a bijection. • 
2.5. Lemma. (T, g) is a monounary algebra and v is an isomorphism of (T,g) 
onto (A, / ) . 
P r o o f . By 2.4 we have to prove that v is a homomorphism. Let 6 G T0, 
b(i) = fcp. for each i G Z, where fc G Z. Take g(b) = t. Then t(i) = (fc + l ) p i for each 
iG Z and 
(1) v(g{b)) = v(t) = ak+1 = f(ak) = f(v(b)). 
Let b 6 Ti, i.e., there are i 6 I, n S N such that b(j) = (i -n)p. for each 
j e Z - {i}, P-1 (&(*)) € Ai. Ug(b) = «, then 
(2) t(j) = g(b(j)) = (i-n+ l ) p . = (i - (n - l ) )p . . 
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Pj 
Consider two cases: a) n > 1, b) n = 1. If a) is valid, then t(i) = g(b(i)) = f(b(i)) 
and 
(3) r~2(t(i)) = r~2(f(b(i))) = fn-'(b(i)) e AU 
thus (2) and (3) yield 
(4) v(g(b)) = v(t) = t(i) = f(b(i)) = f(v(b)). 
Let b) hold. Then b(i) G A{, 
(5) t(i)=g(b(i))=iPi, 
and, by (2), 
(6) t(j) = iPj for each j G I — {i}. 
In view of (5) and (6), v(t) = a; and thus 
(7) i/(5(6)) = v{t) = a. = f(b(i)) = /(*/(&)). 
Therefore v is a homomorphism. • 
2.6. Lemma. If y € g~l(T), then there exists z G T with a(y) = ^(2) and 
^ ( y ) ^ sg(z). 
P r o o f . According to 2.5, v is an isomorphism of (T, g) onto (.4, / ) . Notice that 
v~l(C) = T 0 , thus 
(1) sg(t) = 00 for each t G T0. 
Let y G g_1(^)^ g(y) = *• K * £ ^0, then there is 2 G T0 with 6/(2;) = t and then, 
by (1), 
(2) Sg(lj) ^ OO = Sg(z). 
Now suppose that t e T\. There are i G Z and n G N such that £(j) = (i — n) 
for each j e l - {i}, fn~l(t(i)) G 4; . Put 
2:(j) — (i — n — 1) for each j G Z — {i}, 
z(z) = y(i). 
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Then z € Tx and 
(9(z))(j) = g(z(j)) = (i - n)p. = t(j) = (g(y))(j) for each j e l - {i}, 
(g(z))(i) = g(z(i)) = g(y(i)) = (g(y))(i), 
i.e., 
(3) g(z) = g(y). 
Further, 
sg(z(j)) = °° f° r e a c n j G Z - {i}, 
5 5 ( z ( i ) ) = s<-(j/(i)), 
which implies that 5p(z) ^ 5 (̂?y). D 
2.7. Lemma. T is a retract of (B,g). 
P r o o f . (T, g) is a connected subalgebra of (H, O) according to 2.5. In 2.6 it was 
shown that the condition (a) of 1.3, [1] is valid. Let A' be a connected component 
of (B,g). By the definition, A' contains no cycle, thus (b2) of 1.3, [1] is trivially 
satisfied. Let xo £ K. There is t G To with sg(t) = oc, thus 
Sg(9k{x0)) ^ oo = sg(g
k(t)) for each keNU {0}, 
hence (bl) of 1.3, [1] holds, too. Therefore T is a retract of (B,g). D 
2.8. Proposition. Let (A, f) be a connected monounary algebra possessing no 
cycle and such that there is a G A with Sf(a) = oc. Then (A, f) is retract reducible. 
P r o o f . The required assertion is obtained in view of 2.V 2.2, 2.5 and 2.7. D 
3 . (A,f) WITH Sf(x) ^ OO FOR EACH X G A 
Suppose that Sf(x) ^ oo for each x G A. Then (A, f) contains no cycle. 
3.1. Lemma. Let (E, f) he a connected monounary algebra and let (M, f) he a 
subalgebra of(E, f) such that M = {en: n G N}, cn / cm for each n,m G N, n ^ //?, 
f(en) = e n + i for each n G N. Then M is a retract of (E,f) if and only if 
(1) f~k(ek) = 9 for each ke N. 
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P r o o f . Suppose that M is a retract of (E, f) and suppose that there are k G H 
and x G f~k(ek). Let h be a corresponding retraction endomorphism of (E,f) onto 
(M, f). Then there is j G N with h(x) = ej. We obtain 
ek = h(ek) = h(f
k(x)) = fk(h(x)) = fk(ej) = ej+k, 
which is a contradiction. 
Conversely, suppose that (1) is valid. If x G E, then there exists n(x) G N U {0} 
such that f<x\x) G M, fm(x) $ M for each mGNu {0},m < n(x). Then n(x) is 
uniquely determined. Next we have fn^(x) = ek^x) for some (uniquely determined, 
too) k(x) G M. According to (1), n(x) < k(x) and we can define 
h(x) = ek(x)-n(x)-
For x G M we have n(x) = 0 and h(x) = x. Further, f(x) G M, thus 
h(f(x)) = f(x) = f(h(x)). 
Let x G E- M. Put y = f(x). If n(x) > V then n(y) = n(x) - 1, k(y) = k(x) and 
Hf(x)) = h(y) = ek{y)-n{y) = ek(x)-n(x)+i = f(ek(x)-n{x)) = f(h(x)). 
If n(x) = I, then H = e/c(x), k(x) > 1 (by (1)) and we get 
h(f(x)) = h(ek{x)) = ek{x) = f(ek{x)^l) = f(h(x)). 
Thus M is a retract of (E, f). D 
3.2. Corollary. Assume that A = {an: n G M}, am ^ an for each m,n G 
N, ?72 7-= n and that / ( a n ) = a n + i for each n G f̂ . Suppose that (E, f) is a connected 
monounary algebra. The following conditions are equivalent: 
(i) (AJ)ER(EJ); 
(ii) there exist distinct elements en G E (n G N) such that / (e n ) = e n + i and 
f~n(en) = 0 for each n G fU 
3.3. Proposition. Assume that A = {an: n G N}, am 7- an for each m,n e M, 
m ^ n and that f(an) = a n + i for each n G N. Then (A, f) is retract irreducible. 
P r o o f . Suppose that there are connected monounary algebras (Bi,f), i G I, 
such that 
( i ) 
v iei 






There exists ( M , / ) = (A, / ) such that M is a retract of (B,f). By 3.2, there are 
distinct elements bn G B (n G N) such that 
(3) f(en) = en + i for each ?i G N, 
(4) / _ n ( e n ) = 0 for each 77 G N. 
If i G I, then 
(3') /(en(i)) = en+i(i) for each 71 G IU 
If the elements en(z), n G N are not mutually distinct, then 
(5.1) (Bi,f) contains a cycle1. 
If the elements en(i), n G ̂  are distinct, then 3.2, (2) and (3') imply 
(5.2) f~n(?n(i)) / 0 for some n G tU 
Therefore, in both the cases, for each i G I, there exist n G N and t{ G B{ such that 
(6) /"(«.) = en(i). 
Take t £ B with £(i) = U for each i G I. Then (6) implies 
fn(t) = en, 
which contradicts (4). • 
In 3.4-3.8 suppose that the assumption of 3.3 is not satisfied. 
3.4. Const ruct ion. Since s/(x) ^ 00 for each x G A, the set L = {a G A: 
f~l(a) = 0} is nonempty The assumption of 3.3 is not satisfied, thus 
{k G N: card/"1( / f c(a)) > 1} # 0 for each a G L; 
put 
k(a) = niinjA, G N: c a r d / - 1 (/*'(«.)) > ! } • 
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Further let 
m = min{k(a): a £ L}, 
J = {a £ L: k(a) = m}, 
V = {fm(a):aeJ}. 
For each v G V such that f~m(v) C J we choose a fixed element of the set f~m(v) 
and we denote this fixed element by v. Then define 
/ = {a € J: rmUm(a)) <£ J) U {a 6 J: rm(fm(a)) CJ,a^ /-(a)}. 
Let c ^ A be a new element and if a £ I, then put 
^ - - { a . / X a ) , . . . , / ' " - 1 ^ ) } , 
£„ = ,4 aU{c}, 
( / ( * ) i f ^ e ^ - ^ — H o ) } , 
\c iixe{cJm~Ha)}. 
Denote 
B0 = A-\jAa. 
aЄІ 
Then (Bo, f) is a subalgebra of (A, f) and we put 
(B0,g) = (B0J), 
(B,g)= H (Ba,g). 
a€/U{0} 
3.5. Lemma. If a <E I U {0}, then (A, f) £ R(Ba, g). 
P r o o f . If a e I, then (Ba,g) contains a cycle, thus obviously (A, f) £ R(Ba,g). 
The relation (A, f) £ R(B0,g) can be proved in the same way as in the proof of 
5.2, [1]. D 
3.6. Lemma. If a G I, then there exists an endomorphism <Da of (A, f) such 
that ipa(x) ^ x iff x e Aa and (f(l(Aa) C B0. 
P r o o f . Analogously as 5.3, [1]. D 
3.7. Notation. Denote 
T0 = {be B: b(0) e Bo, b(a) = c for each a e 1} 
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and if a G I, then 
Ta = {be B: b(a) G Aa,b(i) = c for each iel - {a}, 
b(0) = ipa(b(a))}. 
Let 
T= (J Ta. 
aeiu{o} 
The proofs of the assertions of the following lemma are the same as proofs of 5.5, [1] 
or 5.6, [1], respectively. 
3.8. Lemma. (T,g) = (A J) and T is a retract of(B,g). 
3.9. Proposition. Suppose that (A, f) is a connected inonounary algebra not 
fulfilling the assumption of 3.3 and such that Sf(x) ^ oo for each x £ A. Then (A, f) 
is retract reducible. 
P r o o f . It is a consequence of 3.4, 3.5 and 3.8. • 
4. PROOF OF THEOREM (Rl) 
Let (A, f) be a connected inonounary algebra not possessing a one-element cycle. 
Then some of the following possibilities occurs: 
(1) (A, f) consists of one cycle, card A = pn, p is a prime, n G N. 
(2) (A, f) consists of one cycle and (1) is not valid. 
(3) (A,f) contains a cycle C with 1 < cardC < card A. 
(4) (A, f) contains no cycle and there is a G A with Sf (a) = oo. 
(5) (A, f) is isomorphic to (f̂ J, / ) , where f(n) — n + 1 for each n G N. 
(6) (A, f) does not satisfy (5) and Sf(x) ^ oo for each x G A. 
If (1) or (5) holds, then (A, f) is retract irreducible by 1.1 and 3.3. If (2), (3), (4) or 
(6) is valid, then 1.11, 1.10, 2.8 and 3.9 imply that (A , / ) is retract reducible. 
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